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HALL LITTLEWOOD POLYNOMIALS AND CHARACTERS OF 
AFFINE LIE ALGEBRAS 

NICK BARTLETT AND S. OLE WARNAAR 



Abstract. The Weyl-Kac character formula gives a beautiful closed-form 
expression for the characters of integrable highest-weight modules of Kac- 
Moody algebras. It is not, however, a formula that is combinatorial in nature, 
obscuring positivity. In this paper we show that the theory of Hall-Littlcwood 
polynomials may be employed to prove Littlewood-type combinatorial formulas 
for the characters of certain highest weight modules of the affine Lie algebras 
Cji , A-2n an d ^n+v Through specialisation this yields generalisations for 



f ~) _ B„ , C„ , ^2n-i' ^2n an< ^ ^n-i-i °^ Macdonald's identities for powers of the 

UDedekind eta-function. These generalised eta-function identities include the 
Rogers-Ramanujan, Andrews-Gordon and Gollnitz-Gordon g-series as special, 
C"! low-rank cases. 

JL: 

1. Introduction 

►>. ' Let g be a symmetrisable Kac-Moody Lie algebra and f)* the dual of the Cartan 

(~\j . subalgebra of g. If P + denotes the set of dominant integral weights, then the 

character of an irreducible g-module V(A) of highest weight A 6 P + is defined as 



ch^(A) = J2 dim(y M )e" 



Here e^ is a formal exponential and dim(V^) the dimension of the weight space 
Vfj, in the weight-space decomposition of V(A). The celebrated Weyl-Kac formula 
gives a closed- form formula for the character of V(A) as [24)125] 



ria>o(l-e- a ) mult W ' 



X : (i.i) chv(A) 



where W is the Weyl group of g, sgn(w) the signature of w G W and p the Weyl 
vector. The product over a > is shorthand for a product over the set of positive 
roots of g, and mult(a) is the dimension of the root space corresponding to a. If 
g is of classical type, then mult (a) = 1 and (|1.1|) simplifies to the Weyl character 
formula. 

One feature of characters not evident from the Weyl-Kac formula is positiv- 
ity, and a natural question is whether other closed-form expressions exist that are 
manifestly positive. The purpose of this paper is to show that for the affine Lie 
algebras C„ , Ag„ and Dj,^, there is an affirmative answer to this question. The 
main player in these manifestly-positive formulas is the modified Hall-Littlewood 
polynomial Q'^ indexed by the partition (as opposed to weight) fi. The Q' is a 
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2 NICK BARTLETT AND S. OLE WARNAAR 

symmetric function with nonnegative coefficients in Z[g] admitting a purely com- 
binatorial description. For example, for x = (x±, . . . , x n ), 

(1.2) Q' li (x;q)= Y, Q <T)s ^ P e(T)(x)=J2 K ^ s ^ 

TeTah(-,u) A 

where Tab(A, /i) is the set of semistandard Young tableaux of shape A and weight /i, 
s\(x) is the classical Schur function, c(T) the Lascoux-Schutzenberger charge |33j 
and Kx/j. = XvreTaWA u) 'f^ the Kostka-Foulkes polynomial [T4"lFi2"] 

To give an example of the type of results obtained in this paper we need some 
more notation. For A a partition, let |A| = J2i>i^i an d °a(°) — Y[i>i(9)mi(X)i 
where m^(A) is the multiplicity of parts of size i in A and (q)j. = (1 — q) ■ ■ • (1 — q ). 
For example, if A = (4,4,2,1,1,1) = (4 2 2 x l 3 ) then6 A (a) = (g) 2 (g)i(g) 3 . If all parts 
of A are even we say that A is even. Now define a second modified Hall-Littlewood 
polynomial P' x by 

(1.3) P' x (x;q) = Q' x (x;q)/b x (q), 

so that its coefficients are in Q(g) with nonnegative power series expansion. For 
g one of C„ , A 2n and D^i.j with labelling of the Dynkin diagram as shown in 
Figure 12. 1[ let {ao, . . . , a„}, {Ao, . . . , A„} and {ao, . . . , «„} be the set of simple 
roots, fundamental weights and labels of g, and let S — Y^=o ai<Xi De * ne nuu root- 
Finally, for x = (xi, . . . , x n ) define /(a; ± ) := f(x\,x^ ,..., x n , x~ x ). 

Theorem 1.1. Fix a nonnegative integer m and let 

q = e~ S and Xi = e~ a ' «»»-i-««/2 . 

Then, for g — C,\ and A = mAo, 

(1.4a) e- A chV(A)= ^ g |A|/2^^±. 



9 



A even 
Ai<2m 



and, /or g — A 2n and A = 2toAo, 



(1.4b) e" A chy(A)= ^ q^^P'^-q). 



A 
Ai<2m 



We note the remarkable similarity between (|1.4p and the following well-known 
Littlewood-type character identities for the classical groups C n and B„: 



(xi---x„) m sp 2 „^ (m „ ) (x) = Y^ s *( x ) 



A even 
Ai<2m 

{X! ■ ■ ■ Xn)"' S0 2n +l,(m")(x) = J^ Sa(x), 

A 
Ai<2m 

where sp 2n A and S02„+i,a are the symplectic and odd orthogonal Schur functions 
(see (j2.ll) below), and where the second identity also allows for half- integers m. 
These identities have played an important role in the theory of plane partitions, see 

e.g., |ni||T3|2S||ii52H53|. 

The map exp(— a*) »->• 1 for all 1 < i < n (i.e., Xi t-> 1) is known as the 
basic specialisation [25] • Applied to Theorem ll.41 where on the left the Weyl-Kac 
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expression (|1.1[) is used, leads to the following generalisations of Macdonald's Cn 
and Ai> n (or affine BC n ) eta-function identities [41]. Let 

n 

(1.5) XB(«):=n u ' IT ( v i~ v ])' Xb{v/w)=xb{v)/xb{w), 

i—l l<i<j<n 

and (a)oo = (a; q)^ = (1 - a)(l - aq)(\ - aq 2 ) 

Corollary 1.2. Lei m be a nonnegative integer and p — (n, . . . , 2, 1) i/ie C„ VFej// 
vector. Then 

(1.6a) M 2^n £x B Wp)^= E 9 |A|/ M(1, •■•,!; 9), 

W°° A even T~? ' 

, ^~ 2n times 

Ai<2m 

where the sum on the left is over v G Z" such that v = p (mod 2m + 2n + 2), and 
1 

(9 l/2. g l/2 ) 2n ((z2;(Z 2 ) 2 cn((z) 2 



1 v-^ , , , IMI 2 HIpII 2 

(1.6b) n ; ; > Y B (v/p)g 2(2m+2 ™ +1) 



= 2 l^(W_l;g), 

, ,„ 2n times 

Ai <2m 

where the sum on the left is over »6P such that v = p (mod 2m + 2n + 1). 

Theorem 1 1 . 1 1 and similar combinatorial character formulae such as (J5.8I) (for the 
A^ -module V(mA n )) and (J5TTUJ) (for the D^-module V(2mA )) only deal with 
a restricted set of weight A G P + . We have reasons to believe however that the 
type of results obtained in this paper hold more generally. For example, computer 
experimentation suggests that (jl.4bl) and (J5.10I) also hold for half-integer m, and 
for C„ ' it appears that 

OO fc 

c- Al chV(A0 = Xl J2 TV Q'(2H)(^<l)- 

fe=o [q)k 

The remainder of this paper is organised as follows. In the next section, after re- 
viewing some standard material from the theory of affine Kac-Moody algebras, we 
rewrite the Weyl-Kac formula (|1.1[) for g = C„ , A^J and D^i as a sum over sym- 
plectic or odd orthogonal Schur functions. In Section [3] we significantly extend the 
existing theory of modified Hall-Littlewood polynomials by (i) proving a new basic 
hypergeometric formula for P' x based on Jing's vertex operators, (ii) giving several 
new Littlewood-type summation formulas (some conjectural) and (iii) making a 
connection with Rogers-Ramanujan or Nahm-Zagier-type g-series. In Section [4] we 
employ the Milne-Lilly Bailey lemma for the G„ root system to prove a C ra ana- 
logue of Andrews' well-known multiple series transformation. Then, in Section [SJ it 
is shown that after specialisation, and a somewhat intricate limiting procedure, one 
side of the C n Andrews transformation corresponds to certain characters in their 
Weyl-Kac representation. Furthermore, the other side is expressed in terms of PL, 
resulting in a proof of our combinatorial character formulas. Finally, in Section [6] 
we provide a compendium to Macdonald's famous list of identities for powers of 
the Dedekind eta- function, extending his identities for affine B„, C n , D n and BC rl 
to infinite families of such identities. 
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2. Affine Kac-Moody ALGEBRAS 



In order to prove the main results of this paper, such as Theorem ll.il we require 
a simple rewriting of the Weyl-Kac formula (jl.ll) for g one of C„ , A!, n and D^i 
in terms of the odd orthogonal and symplectic Schur functions (40] 

(2.1a) so 2 n+i,A(aO = 



A B (x) 
(2.1b) sp 2 „, A (x) = ^^^-"^ 



A c (x) 
Here Ab and Ac are the generalised Vandermonde products 

n 

Ab(«) := JJ(1 — »,•) J| (xi - x j )(x i x j - 1) 
A c(z) := J|(l - a;, 2 ) J] (xi - Xj)(xiXj - 1). 

i— 1 l<i<j<n 

In Section 12.21 will give the full details of this rewrite for C„ and then state the 
remaining cases without proof. 

First however, we need to recall some basic notions from the general theory of 
affine Kac-Moody algebras. For more details and background material we refer the 
reader to the monographs by Kac [55] and Wakimoto [56] . 

2.1. General definitions and notation. Let g = q(A) be an affine Kac-Moody 
algebra with generalised Cartan matrix A = (oyjije/, / := {0, 1, . . . ,n}. We are 
primarily interested in g of type C„ (n > 1), A 2r } (n > 1) and D^/j (n > 2), 
although most of this section applies to arbitrary type. Let f) and f)* be the (n + 2)- 
dimensional Cartan subalgebra and its dual. Fix linearly independent elements 
(Xq , . . . , a„ and ao, . . . , a n of f) and f)*, called simple coroots and simple roots, such 
that (a^,aj} — aij. Extend the above to a basis of f) and f)* by choosing the 
additional elements rf £ I) and Ao G ()* such that (o^,Ao) = (d,ai) = S^o and 
(d, Ao) = 0. The labels and colabels ao, . . . , a„ and <Zq , . . . , a„ are positive integers, 
uniquely determined by J2iei a ij a j ~ J2iei a t a ij = such that 

gcd(a ,...,a„) = gcd(ao,...,a^) = 1. 

The sum of the labels and colabels are known as the Coxeter and dual Coxeter 
number respectively, h — J2i£i a i anc ^ ^ V = J2iei a i '■ The Dynkin diagrams of the 
three infinite series of interest are given in Figure I2.1[ together with a labelling of 
the vertices by simple roots on and labels at. 

We now fix what is known as the standard non-degenerate bilinear form on f) by 
setting 

(at\aj) = % a tj , (aV\d) = a S lfi , (d|d) = 0. 

We adopt the natural identification of f) with f)* by identifying d with ctoAo and a/ 
with aiOti/cLi . Then 

a v 1 

(ai|aj) = — ay, (a-i | A ) = — 5 i>0 , (A |A ) = 0. 
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FIGURE 2.1. The Dynkin diagrams of the three infinite series of affinc 
Lie algebras of interest, together with a labelling of vertices by simple 
roots and by the ao, . . . ,a n . C„ and D„_?j are dual and the colabels of 
are the labels of its dual. The colabels of A;, n are its labels read in 
reverse order. 

Before we turn to the Weyl-Kac formula a few more definitions are needed. 
The null root or fundamental imaginary root 5 is defined as 5 = X^jgj a i a i- Then 
f)* = CA © f)* © C6 where lj* = J2iei ^ a i for J := {1, 2, . . . , n} is the finite part of 
f)*. We complement A to a full set of fundamental weights A , . . . , A„ G ij* by 

{K l ,a]) = 5 l] , (Ai,d}=0. 

The Weyl vector p E \)* is given by (p,a^) = 1 for all i € / and (p,d) =0. If K 
is the canonical central element K = J2i<=i a i a "i then the level lev(A) of A e t)* is 
given by lev(A) = (A, K). Note that lev(A ) = 1 and lev(p) = /i v . 

The root and coroot lattices Q and Q v are defined by the integer span of the 
simple root and simple coroot respectively. Similarly, Q = J2iei'^ ja i an d Q = 
^ ie jZcv^. One further lattice that will play an important role is 

/«- -_a(2 

(2.2) M 

I Q otherwise 



if 5 = X^or = AL, 



To conclude our string of definitions we let P+ denote the set of dominant integral 
weights 

P+ = {A e f)* : (A, a/) G Z+ : for all i E I}, 
where throughout this paper, Z + denotes the set of nonnegative integers. 

2.2. The Weyl Kac formula. To achieve the desired rewriting of the Weyl-Kac 
formula we first follow Kac and Peterson [26]. Let W be the finite Weyl group 
corresponding to the Cartan matrix A obtained from A by deleting the zeroth 
row and column; A — (Ojj)i,je/- Then the affinc Weyl group W of g is given by 
W = W K M with M the lattice (|2~2|) . This allows (fTTTj) to be restated as 



(2.3) e- A ch V(A) = Yl (1 - e - Q )- mult ( a ) 



a>0 

x y V" sgn ( u; ) (? 5 K (7l7)-(7l«'(A+p)) e -K7+i"(A+p)-A-P j 

7£M W £W 



where k = lev (A + p) = lev (A) + /i v , g = cxp(— S) and where A again denotes the 
finite part. 

Next we focus on q = C n with generalised Cartan matrix A given by the tridiag- 
onal matrix with d-± = (—2, — 1, . . . , —1), d a = (2, ... ,2) and di = (— 1, . . . , — 1, —2). 
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The set of positive roots A+ consists of the disjoint subsets of positive imaginary 
and positive real roots, given by 

A i ? = {m5: togZ+\{0}}, 

each root occurring with multiplicity n, and 

a ro f c a f z + if a G A+ 1 

A', = < md + a : a G A, m G < }, 

+ { [Z+ \ {0} otherwise J 

of multiplicity 1. Here A is the root system of g(A) with base II. In terms of the 
standard Euclidean descriptioiu of II and A + = A Si+ U A^. + we have 

II = {«!, . . . , a„} = {ei - e 2 , . . . , e„_i - e„, 2e„} 

and 

A Sj+ = {a ± e 3 - : 1 < i < j < n}, A £:+ = {2e; : 1 < i < n}. 

Setting Xi = exp(— ei) we thus get 

n 
JJ (1 _ e -a ) m U lt(a) = (9) n )Ac(a . ) JJ a .l-* ( ^ 2)oo JJ fo^i)^ 

a>0 z— 1 l<i<,7<7i 

where (o« ) M = (aUjOM" 1 )^ and (au v )oo = (fl™,a™ _1 ,fflw _1 w,aji _1 D~ 1 ) co 
for (ai,...,ajt) 00 = (ai)^, ••• (a*.),*,. 

Next we consider the numerator of (|2.3|) . The lattice M = Q is spanned by 

2{ei — 62, • . • , e„„i — e n , e n }, 

i.e., M is the classical B„ root lattice scaled by a factor of two 



M=J2^r i e < : (n,.. .,r„) G Z n |. 



We also use that VK is the hyperoctahedral group (or the group of signed permu- 
tations) W = & n X (Z/2Z) n with natural action on R™, see e.g., [21]. Finally, for 
A = coAo + - • -+c n A n G P+ define the partition A = (Ai, . . . , A„) by Aj = d+- ■ -+c n . 
Hence, since Ai = ei + - • •+£», we have A+p = X)™=i(-^ i "'"' 9 *) e Ji where p^ := n— i+1. 
Also note that 



k = 22 a/ (ci + 1) = ft- v + c + • • • + c rl = n + 1 + c + Ai . 

i=0 

Therefore, the double sum in (|2.3[) yields 



n 

11 « * x i 2^ sgn(w)w(y i p ), 



We deviate from Kac's convention that (a|a) = 2 for a a long root. This comes at the cost 
of introducing the factor 1/2 in (e»|tj - ) = Sij/2 but avoids the occurrence of y/2 in some of our 
formulae. 
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where yi :— xiq Ti . By (|2.1bj) the sum over W is given by 

n 

Ac (y)sPan,A(f )]!%"" 

so that we obtain the next lemma. 

Lemma 2.1 (C„ ' character formula). For q = exp(— 8), A = (Ai, . . . , A„) a parti- 
tion and 

(2.4a) A = c A + (Ai - A 2 )A X + • • • + (A n -i - A„)A„_ 1 + A„A„ e P+, 

(2.4b) X, = e" Ql On-l-Qtn/2^ 

we have 

(2.5) e- A ch^(A) 



(?)» nr=i(9 a; i fc2 )°° i\i< t<3 <rM x t x f)°° 

r gZ™ CV ' i=l 

where k = n + I + cq + X±. 

In much the same way we can rewrite the other characters of interest. 

/n\ _____ 

Lemma 2.2 (A;, n character formula, I). With the same assumptions as in Lemma \2.1[ 
(2.6) c- A chF(A) ' 



(<_)£, nr=i(9 i/2 ^)oo(9 2 ^ ±2 ; ? 2 )oo n^i^nC^^Joo 

where k — 2n + 1 + cq + 2Ai . 

(2") 

Viewing the Dynkin diagram of A^-. in a mirror leads to an alternative, B-type 
expression for the above character when Co is even. 

Lemma 2.3 (A;, n character formula, II). For q = exp(— 5), /i = (/_i, . . . ,/i„) o 
partition, and 

A = 2/i n A + (fin-i - Mn)Ai H 1- (mi - jU-)A„_i + c„A n e P + , 

(so that yi = q 1 x~_ i+1 and (Xi = cq/2 + Ai — \ n -i+i compared to (|2.6[) ). 

1 



e- A chy(A) 



(-)£, nr=i( ( ?2/ l ± )o (gy J ±2 ; g 2 )oo Hi<i<j< n (Qytyf)°o 

r.^wn &\y ) 



i=l 

where k = 2n + 1 + 2c n + 2/^i . 
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(2) 

Lemma 2.4 (D^/j character formula). For q = exp(— S), A = (Ai,...,A„) a 
partition, and 

(2.7a) A = c A + (Ai - A 2 )A X + • • • + (A„_i - A„)A„_! + 2A„A„ e P+, 



(2.7b) Xl = e 

we have 

C - A chV(A) = 



Q; «„ 



(g 2 ;9 2 )s - i (g)oonr=i(^f)o ni<,< J <j9 2 ^ ± xf;g 2 )c 



\— ^ _l|;V.M'-' 
X 

I : 

where k = 2n + cq + 2Ai . 



r6Z" B ^ X > 1=1 



When the coefficient of A„ is odd there is a similar formula which involves the 
symplectic Schur function. Since we have no use for this it has been omitted. 

3. Modified Hall-Littlewood polynomials 

3.1. Preliminaries. The Hall-Littlewood polynomials are an important family of 
symmetric functions generalising the well-known Schur functions. Our main interest 
will be the modified Hall-Littlewood polynomials, for which we shall give a new, 
closed-form formula as a multiple basic hypergeometric scries. It is this formula 
that will ultimately allow us to express characters of affine Lie algebras in terms of 
modified Hall-Littlewood polynomials. 

For standard notation and terminology from the theory of partitions and sym- 
metric functions we refer the reader to [42] . 

Fix a positive integer n. For a partition A of length 1{X) < n let mo (A) = 
n — l(X) and rrii(A) for i > 1 the multiplicity of parts of size i. Define v\(q) — 
Yli>o('l)m i (X) I '(1 — g) m *( A ). If & n denotes the symmetric group on n letters and 
@* the stabilizer of A, then v\(q) may be identified as the Poincare polynomial 
^2 wee \ t^ w \ For x = (x\, . . . , x n ) the Hall-Littlewood polynomial Pa is the sym- 
metric function [42] 

Here the symmetric group & n acts on functions f(x) by permuting the x%. 

The Hall-Littlewood polynomial P\ interpolates between the Schur function s\ 
and the monomial symmetric function m\, corresponding to q — and q = 1 
respectively. The P\, where A ranges over all partitions of length at most n, form 
a basis of the ring of symmetric functions in n variables. There is a second Hall- 
Littlewood polynomial defined as 

(3.1) Q x (x;q) = b x (q)Px(x;q), 

where b\(q) = ]li>i(9)m i (A) = I\i>i(l)x' z -\' z+1 , for A' the conjugate of A. 

The modified Hall-Littlewood polynomial Q' x of equation (|1 .2[) is a variant of 
Qx which interpolates between the Schur function sx, obtained for 5 = 0, and the 
complete symmetric function h\, obtained for q = 1. Unlike the literature on the 
ordinary Hall-Littlewood polynomials, where the pair P\ and Qx are usually given 
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equal prominence, the polynomial P' x defined in (|1.3|) never rates a mention in work 
on the modified polynomials, see e.g., [TH[T6l[l7l[27j[32l|46]. There are a number 
of reasons for this. Q' x has coefficients in Z[q], is Schur positive, and has several 
combinatorial, representation theoretic and geometric interpretations. P x on the 
other hand, has coefficients in Q(q), and its q — > 1 limit does not exist due to 
b\(l) — S\fi. Nonetheless, most of our results are simplest when expressed in terms 
of the P' x and we will use the two families of modified polynomials interchangeably. 
Besides (|1.2|l there exist numerous other descriptions of the modified Hall- 
Littlewood polynomials, three of which will be discussed below. First of all, using 
the notation of A-rings [31] , 

Q'x(x;q)=Q x (x/(l-q);q) and P x (x; q) = P X (x/(l - q); q), 

where x/{\ — q) is shorthand for the infinite alphabet obtained from x be replacing 
each Xi by Xi, x%q, Xiq 2 , .... A second description of the modified Hall-Littlewood 
polynomials uses the Hall inner product on the ring of symmetric functions, defined 
by (sa,s m ) = S\^. Then 

(P x ,Q' IJ ) = (P x ,Q ti )=S Xfl . 

Finally, and most important for our purposes, the Q' x can be computed using 
Jing's g-Bernstein operators [22] (see also [T6JI60]). Let A be the ring of symmetric 
functions. For / € A, denote by / € End(A) the operator — also known as Foulkcs 
derivative — which acts as the adjoint of multiplication by /: 

(f ± (g),h) = (g,fh) for g,h e A. 

For m an integer the g-Bernstein operator B 7n = 5 m (x; q) is denned as 

oo oo 

B m = £ (-^) r q s h m+r+ s(x)e^hj- = y^ y h m + r (x)hr (x(q - 1)), 

r,s=0 r=0 

where h r and e r are the rth complete and elementary symmetric functions, and 
where the rightmost expression again uses A-rings. Alternatively, if B(z) — B(z; x; q) 
is the vertex operator B(z) — ^ m z m B m , then 



B(z)(f(x))=f(x-^)l[ T 



For a partition A = (Ai, . . . , Afc) Jing [22] showed that 

(3-2) Q' x (x;q)=B Xl ---B Xk (l), 

or, equivalent ly, Q' (x;q) — 1 and 

(3-3) Q' v (x;q) = B m (Q' x (x;q)), 

where v = (to, Ai, A2, ■ ■ ■ , Afc) for to > Ai. We note that although Bq is not the 
identity operator, Bq(1) = 1 so that (I3.2[) is true regardless of whether l(X) = k or 
1(A) < k. In [T2] Garsia expressed the B m in more explicit form as 



q,x t , 



(3.4) B m (*;<z) = £*r [U^r P< 

where (T q ^ Xi f)(x) = f(x\, . . . ,Xi-i,qXi,Xi+i, . . . ,x n ). It is this representation that 
will be important in proving our hypergeometric formula for P' x . 
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3.2. The modifled Hall Littlewood polynomial as g-hypergeometric mul- 
tisum. Define the q-shifted factorial (a) n — (a; q) n indexed by an arbitrary integer 
n as (a) n — {a) oc /(aq n ) 00 , where (0)00 = (1 — a)(l — aq) ■ • • . For r,s G Z™, r an 
integer and x = (xi, . . . , x n ) we define the g-hypergeometric term 

(3.5) /S?fe „ ! _n(.i».n>)'n£fc- 

»=1 i,i=l vy ' ■>' % J 

Since l/(q) n = for n < 0, it follows that fr^s(x;q) — unless fj > s, for all 
1 < i < n, or more succinctly, r D s for r and s viewed as compositions. 

Theorem 3.1. The modified Hall-Littlewood polynomial P' x is given by 
(3-6) P{(x; 9) = E II /rW,rW+0 (^ *)> 

where the sum is over A 1 ' D A 2 ' D • • • G Z™ smc/i t/iat |r' '| = X' e . 

Of course, since \r^\ = for £ > ?(A') = Ai, all r^ for £ > Ai are equal to 
:= (0 n ) and the product JI^>i ma y be replaced by a finite product Jlfci where 
to is an integer such that to > X±. 

Proof of Theorem \3.1\ Throughout the proof we write Pa, fr.s and 6a for P\(x; q), 
/r,»(a;;g) and 6a(<?)- 

For A = all A^ in (|3.6|) are equal to 0, resulting in Pq = 1. 

It remains to show that for A 7^ our theorem is consistent with the action of 
the g-Bernstein operators. Before we do so, we translate (|3.3[) into a statement 
for P' x instead of Q' x . First, by (|1.3|) . we get b\B m (P' x ) = b v P' v . But, since v = 
(to, Ai, . . . , Afc) with to > Ai, we have b v jb\ — (1 — g A ™ +1 ). Hence, for to, > 1, 

(3-7) J B m (P A ) = (l-^+ 1 )P:. 

We now compute the left-hand side of (|3.7[) using the claimed expression for P' x . 
Let to be an integer such that m > Ai. Recalling the remark after Theorem 13.11 
we replace the product in (|3.6p by Jlfli an d sum over r< ' 1 ' ) 2 • • • 2 t''" 1 ' 1 G Z" such 
that |r'^ I = A^ for £ = 1, . . . , to, and A m+1 ' := 0. By a simple calculation it follows 
that 

T ff (r)N l - r~ T f {T) 

where & is the zth standard unit vector in Z™. Hence 



v,(^)-rEII/:? 



(i) 



f )+e i ,r(«+ 1 )+e 



= 1 



Making the variable change r^' i-> r( £ ) — e^ for I = 1, . . . ,to while recalling that 
r (m+i) ._ Qj this yieldg 



(3.8a) T qtXl (P A ) = ,-'" £ II /$,r<^> ft 



m — 1 

(i) ^ ,(i) 



„0) 



(3.8b) =»r m EIK 1 -^ ^)IIS,rM 

3=1 <=i 
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where the second equality follows from 

n 

/#(*; <z) = /$(*; a) II C 1 - 8 r ^i/*0- 

Both sums in fl3j} are over r-W D • • • D r( m ) e Z™ such that |r^| = X' £ + 1 for 
£ = 1, . . . , m, and r( m+1 ) := 0. (The variable change actually leads to r^" 1 ) D ej 
but this may be relaxed to r'" 1 ) D since the summands vanish when r 4 = 0.) 
Therefore, by flUj) , 



m^)-e n/a,^ E(i-on 






Recalling the summation [351 Lemma 1.33] 



Ed-^n^f 2 - 1 -^ 



i=l i=\ 

and using that q' r ' = g A ™ +1 , we finally arrive at 

m 

(3-9) B m (P' x ) = (1 -9 A " +1 )En/^).^ +1 )' 

summed over r^ 2 ■ • • 2 r {m) E Z™ such that \r^ \ = \' t + 1 for £ = 1, . . . , m. 

To complete the proof we note that if we introduce the new partition v = 
(to, Ai, A 2 , . . . ) then v' £ = X' e + 1 for £ = 1, . . . , to (and i>' £ = X' £ = for £ > to). 
Hence the sum on the right of (|3.9[) yields exactly P' v , resulting in (|3.7[) . D 



The hypergeometric formula (I3.6P may be restated by eliminating redundant 
summation indices; since A 1 ' D r^ D ■ ■ ■ e Z™ such that |r™| = X[, it follows that 
r (i) = r (i+i) if A j = A / +i But /W/W = y*^ 1 ) so that we obtain the following 
equivalent formulation. 

Corollary 3.2. Let X' = {M?M? . . . M%>) for M x > M 2 > ■ ■ ■ > M m > and 
r\ , . . . , T m > 0. Then 

m 

(3.io) ^fe^EnS,^)^;^ 

£=1 

where the sum is over A 1 ' D ■ • • D r^ E Z™ suc/i i/iai |r' ' | = Af^ 7 and r(" l+1 ' := 0. 

For to = 1 this simplifies to Milne's expression for Pi indexed by a rectangular 
partition A, as implied by equating (2.7) and (2.17) of [37] ■ To compute P' x as 
efficiently as possible we should take Mi > M 2 > • • • > M m > 0. The result, 
however, is true if some of the Mi are equal and/or zero (in which case further 
summation indices may be eliminated). The advantage of the stated form is that 
for ri = r 2 = • • • = r m = 1 we recover Theorem 13.11 provided we rename Mi as A^ . 



12 NICK BARTLETT AND S. OLE WARNAAR 

3.3. Modified Hall Littlewood and Rogers Szego polynomials. In this sec- 
tion we give an important application of Theorem 13. 1[ key in proving our combina- 
torial character formulas. Prior to this, we state a very general conjectural identity 
involving P' x and then apply Theorem 13. II to prove this in a special case pertaining 

%oC { n ] and A^ } . 

To state our conjecture we need the definition of the Rogers-Szego polynomials. 
For m a nonnegative integer, the mth Rogers-Szego polynomial H m is given by [3] 



(3.11) H m (z;q) = J2' 



z 

i=0 

where [™] is a g-binomial coefficient. Following [58] we extend the above to parti- 
tions by 

h \( z ;q) = n#m,(A)(z;g)- 

Let [Tl := l/(q)k and let A denote the partition containing the odd-sized parts 
of A. For example, if A = (6,4,3,3,2, 1, 1, 1) then A = (3,3, 1, 1, 1). 

Conjecture 3.3. For M = (M 1: ..., M m ) 6 Z" and m (A) := oo 



A 1=1 

Ai<2m 






(3.12) ]T z e ^P' x (x; q )h Xo (w/z;q)Y[(wz) M ^-i 

m 

= Yl II (-V 1 ^ w/x i ,-q 1 ~ r ' z/ Xl ) r (i)Y[fl% r(e+1) {x;q), 
i=i * 1=1 

where the sum on the right is over A 1 ', . . . ,r^ m ' £ Z+ such that \r^'\ — Mi, and 

r (m+l) ._ q 

For actual applications as well as aesthetic reasons we should sum this over the 
sequence M. To this end we introduce the polynomial 

2m— 1 2m-l 

h { ™\w,z;q)= J] z mi ^H miW (w/z;q) J[ H miW (wz;q). 

i=l i=l 

i odd i even 

For example, if A = (6, 4, 3, 3, 2, 1, 1, 1) and in = 3 then 

h { x '(w 7 z;q) = z 5 Hf(wz;q)H 2 {w/ z; q)H 3 (w/ z; q). 

From H m (z;q) = z m H m (z~ l \q) it is easily seen that h™ (w,z;q) = h^ n '(z,w;q). 
Now taking the M-sum in (J3.12I) . interchanging the sums over A and M, shifting 
Mi — > Mi + \' 2 i-i an d finally performing the Mi-sum using the g-binomial theorem 
Eq. (2.2.5)], (|3~T2"j) simplifies to the following identity. 

Corollary 3.4. Let \wz\ < 1. Assuming Q3.12J) . we have 

(3.13) J2 h^\w,z;q)P^ X ;q) 

A 
Ai<2m 

n m 

= (wz)oc ^ n (-i 1 ^ 1 w / x ^ -<f~ r% z/xi) r w n /!m r («+i) («; i), 

i=l ' 1=1 
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where the sum on the right is over r^ 1 ' , . . . , A" 1 ' € Z™ , and r^ m+l ' := 0. 

It will be convenient later to also consider p. 131) for m = 0. For this purpose we 
define h (to, z; q) = (wz)^, so that for m = both sides trivialise to (wz)oo- 

For z = 0,—l,—q ±1 ,q ±1 ^ 2 the Rogers-Szego polynomial (I3.1ip factorises into 
cyclotomic polynomials. In terms of h™ (w,z;q) (and up to symmetry) this cor- 
responds to (w,z) — (0, z), (l^ 1 / 2 ), (-1, -q 1 / 2 ), (q 1 / 2 , — q 1 / 2 ), the case (to, z) = 
(1, —1) being ruled out for convergence reasons. Surprisingly, it is precisely these 
special cases that correspond to characters of affine Lie algebras. Unfortunately, 
only for w — have we been able to prove (I3.12[) . In this case the summand on 
the left vanishes unless X' 2i _ 1 = Me for (. = 1, . . . , m, and we obtain a much simpler 
result. 

Proposition 3.5. For M = (Mi, . . . , M m ) £ 1\ 

n rn 

(3.14) Y, *' (Ao) ^fo «) = EII (-l^z/Xi)^ II fSl,r^ fo «)> 

1=1 * l=\ 

where the sum on the left is over partitions A such that Ai < 2m and A' 2f _ 1 = Me, 
and where the sum on the right is over A 1 ' , . . . , r 1 -" 1 ' e Z™ such that \r^' | = Me- 



Proof of Provosition \3.5\ It suffices to prove the result for z — 1. Indeed, if we 

replace x i-> xz in (pTTij) . use the P{(x2; q) = z^P^(x;q), i(A Q ) + |A| = 2M 1 ^ \- 

2M m , and f${xz) = z T|r| /$(a;) we obtain (|3~T4)l for z = 1. 

In the remainder we follow our earlier convention of writing P\ and f r>s for 
P\(x;q) and f r . s {x;q). 

We apply Theorem 13.11 with A a partition such that Ai < 2m, and replace 
(r2t-i> r<zi) h-> (r^, s^) for all I = 1, . . . ,m. Hence 



( 3 - 15 ) ^=En$w# 



(i) 



summed over rW 2 S W 2 ••• 2 r( m ) D s< m ) e Z r | such that |r^| = A^_ t and 
| S W| = A^ (and as usual, A m+1 '> := 0). 

Denote the left-hand side of (13.141) with z = 1 by LHS. Substituting the above 
expression for P' x we find that LHS is given by the right-hand side of (|3.15p where 
now the sum is over r (1) , . . . , r {m ^ G T\ and s W , . . . , s (m) e Z^ such that |r W \ = 
Me- Because the summand vanishes unless r^ +1 ) C s( £ ) C r-W, we shift s'^ n- 
s («) + r ( £ + 1 ). Using the explicit form for fr,J given by (|3.5|) and manipulating some 
of the ^-shifted factorials, we then get 



Til 

LHS = E II $§U*> i*o(«- (rW - ( ' + V; 9, -<f 



(< ! + 1 ) + l r («)l_l r ( f + 1 ) 



= 1 

where J^ now stands for a sum over A x \ . . . 7 r( m ) € Z™ (still subject to \r^'\ — 
Me) and (n, . . . , r m ) = (1,2,..., 2). The i<& is shorthand for the A„_i basic 
hypergeometric series 

1 $o(a;-;g^)= ^ \[[(-l) ^'gUJj J] ^ , 
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where a = (ai, . . . , a n ). By Milne's A„_i terminating g-binomial theorem |48[ 
Theorem 5.46] 

n 

i<P (q~ N ; ;q,x) =Y[{<l^ Nl x l ) Nz , 

8=1 

the i$o series can be summed to yield 

m n n 

nn ( ? »i) r w_ r «+i) = n^ - ^)^ 1 '' 

^=li=l i=\ 

where the second equality follows by telescoping and A m+1 ^ := 0. By (— w) r — 
(—q 1 ~ r /w) r w r q\ 2 ), the proof is done. □ 

3.4. Rogers Ramanujan-type g-series. To conclude the section on modified 
Hall-Littlewood polynomials, we present one more conjecture which will be impor- 
tant in our discussion of Macdonald-type eta- function identities in Section [6] 

We begin by defining a very general g-series of Rogers— Ramarmj an or Nahm- 
Zagier-type [H l5U[6Tj , Let C n be the n x n Cartan matrix of A„, i.e., (C^ 1 )^ = 
min{a, b} — ab/(n +1) and let T m the m x m Cartan- type matrix of the tadpole 
graph of m vertices, i.e., (T~ )ij = min{i, j}. Then 



F m ,n{u,w,z;q):=^2 IJ II g2 

a,b=l i,j=l 



(C„) ab (T~ 1 ) IJ r I ( ° ) r I (a) 



n in 2ir 



(a) 



>< (-^ /2 - r "----- r -M^ + ... + ^ n (-w/^l n n 



a=l 



where the sum is over r\ G Z + for all 1 < a < n and 1 < k < m, and 
u a := u^ 1 ) . In particular, if Q + denotes the positive root lattice of A„ (Q + = 
Eli 2 + Q i). tri cn 

(3.16) Fi, n (u,w,z) 

n 2(a|A a )/_ l/2+(a|A a )\ 
f J<.|a, ( _^,M.|AO /tt ) JJ * L^ k. 



aeQ+ o=l 



(q)(a\A a ) 



Several important g-series arise as special cases: -£1,1(1, 0, 0; q) and Fi^q 1 / 2 , 0, 0; q) 
are the Rogers-Ramanujan g-series, Ffc_i > i(l,u;, 0;^) for w — and w = q 1 / 2 arc 
the (first) Andrews-Gordon g-series [1] and its even modulus generalisation due to 
Bressoud [5], and Fk-i,i(l, w 1 / 2 , 1; g) for iu = and «; = g 1 / 2 are the generalised 
Gollnitz-Gordon g-series [5] and its even modulus variant [91. 

Conjecture 3.6. Let m,n > 1. Specialising x = q l ' 2 (u, u~ x ,u, . . . ) m i/ie fe/t- 
hand side of (|3.13|) yields 

(3.17) V q^/ 2 h ( r ) (w,z;q)Pi(u,u-\u,...;q)=F m , n {w,z;q). 



A 
Ai<2m 



We note that for (w, z) / (0, 0) we effectively have two conjectures since the 
symmetry F m ^ n (u, w, z; q) = F m ,n(u, z, w; q) implied by the conjecture is not at all 
evident. In the rank-1 case the conjecture is easily proved using standard manipu- 
lations for g-hypergeometric series. The conjecture also holds for u = 1, w = z = 
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and n even thanks to (|6.2|) below, and for u = 1, g 1 ' 2 , w = z = and m = 1 
by |59] Theorem 4.1]. The proof of that theorem only requires minor modifications 
to settle the conjecture for m = 1 and arbitrary u, w and z. 

Theorem 3.7. Equation (|3.17[) holds for m = 1. 

Proof. We begin by recalling that [271155] 

1 



*9)=eii 



J>1 l*j p,+l 



n 



. J J nl 2 / 



(i-1) (i) 

(»-i) (») 



where the sum is over = /i 1 -™' C ■ • • C jjy> C ^(°) = A'. We can use this to compute 
the left-hand side of (|3.17|l for to = 1 as follows. Introduce new summation indices 
ko,...,kn-i and n,...,r n by 



/i w = (r i+ i H h r„ - fc 4+ i 

where fc„ := 0. Then 



fen; Ti+l T ' ' ' T ?'n 



fv-n 



LHS = J] 



^ki^iir-r 



(«)»■„ 



£ (V^-Vu)* f-)V« 



f,fc >0 



ra-1 



*n e 

12 Ji j „2 



<l 



ki{ki— n— r-i+i) 



(g)r 4 -*i 






where |r|_ := ri — r2 + ?"3 — • • • and ||r|| := r{ + ■ ■ ■ + r„. The sum over fc, (for 
1 < t < n — 1) can be carried out by the g-Chu-Vandermonde sum [3] Equation 
(3.3.10)] to yield q~ r * ri+1 /(q) ri . Then shifting (r x ,k ) i-> (n + £, k + I) we can 
successively sum over fcp and t by the q-binomial theorem, resulting in 



LHS( W ) = J] 



u 2|r| irC„r 4 



(«)r 



-zq 



1/2-n 



/■") ri (- mr 'i 



l/2+ri-r a '\ 



Using standard basic hypergeometric notation [TB], this is also 



LHS = 



E 



u 2|r|_ g irC n r' 



ri,r 3 ,...,r„feA + 



(<?)r 



r 2 =0 



X (-Z (Z 1 /2-r 1/u ^^_ uwg l/2+r. 1 ^ 



T l/2-n 




-q'-i" ,1 /(uw) 



\<I,- 



wq 



l/2-r 3 



By i0i(a;O;g,z) = (z)oo o^i(-; z; g, az) [18, Equation (III. 4)] this can be trans- 
formed into 



L HS=E 



,,2|r|_ ±rC„r< 

A (-Z9 1/2 -''V«) {-uwa 1 ' 2 ^ 



OoJ"^ 



- 1 /,« 1 /2+r2-r 3 



/«)c 



We now simply keep iterating the above transformation, first on r$, then on r^, et 
cetera, until we arrive at 



LHS =E 



re: 



M 2|r|_ g lrC„r' 



-zq 



l/2 - ri M ri U(- u ^i 1/2+ri 



This is equivalent to (|3.16[) . completing the proof. 



D 
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4. The C„ Andrews transformation 

Andrews' multiple series transformation J2] is one of the most complicated results 
in all of the theory of basic hypergeometric series. It is also one of the most useful; 
it implies many important partition and Rogers-Ramanujan-type identities 2 and 
has recently played a major role in answering deep arithmetic questions related to 
the Riemann zeta function, see e.g., [23,29,30,62 . 

In this section we apply the Milne-Lilly C n Bailey lemma to prove a C„-analogue 
of Andrews' transformation. This result in itself is too complicated to be of much 
independent interest, but as we will see in Section[5] characters of affine Lie algebras 
arise through specialisation, allowing us to prove the claims of the introduction. 

4.1. The Milne— Lilly C„ Bailey lemma. The Bailey lemma is a standard tool 



in the theory of basic hypergeometric series, see e.g., [4 h7|I57j . The generalisation of 
the Bailey machinery to the C„ (as well as A„) root system was developed by Milne 
and Lilly in a series of papers !39j49j[50]. (Quite a different Bailey lemma for the 
non-reduced root system BC„ was recently discovered by Coskun [12].) We begin 
with the definition of a C„ Bailey pair, albeit using a slightly different normalisation 
than Milne and Lilly. Two sequences a — (ajv)ivez™ and j3 = (/3jv)jvgz™ are said 
to form a C n Bailey pair if 

n 

(4.i) p N = y, ^ n 



1 X i' (qXi/xj)Ni-r : 



,,■_: :..\ ijtl {qX l /x ] ) N ^ r] {qx l X J ) Nt+r] ' 

where we remind the reader that OCrCJV stands for < r% < Ni for i = 1, . . . , n. 
The above definition may be inverted, expressing a in terms of 0: 

(4.2) aN = ^^l Y fl-ff-MH TT ^ ~ ^ ■ X -** X ^ +rj 
An i *-^ ±A - Xi — Xj 1 — XiX-i 

UV ; OCrCN l<Kj<n J J 

" / T .\N,-r 
t r / ^i. \ 

X 

The most important ingredient of the theory is the Bailey lemma, which generates 
an infinite sequence of Bailey pairs from a given seed. Unfortunately Milne and 
Lilly's C n Bailey lemma, first stated as [49J Equation 2.5] and copied verbatim 
in |39] and |50] contains a minor typographical error in the expression for j3' N . In 
the following this has been corrected. 

Lemma 4.1 (C„ Bailey lemma). If (a,/3) is a C„ Bailey pair, then so is the new 
pair (a',/3') given by 

, _ yr (bxi,cxi) Ni fq\ N ' 
M [axilb,QXilc\N. \bcJ 



~ (qXi/b,qxi/c)N, 



a-e/<«/*>i».-m(£) n WMli/c)w 



9 V r| TT {bXi,cXi) n 



nyqXiXj j ri ^. r j ~r—r yqXi/ Xj )n- 
(n-r.-'rA.r , Z 11 



(qx i x j ) Nz+Nj 1L (qx i /x j ) Ni - r ' 

Equipped with the above lemma it is straightforward to obtain the C„-analogue 
of Andrews' transformation formula. 
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Theorem 4.2 (C„ Andrews transformation). For m a nonnegative integer and 
N € 1\, 



(4-3) E 



AcOr<Z r ) 



n 



Ac (a;) 



m+1 

n 



(beXj,ceXi) ri 
{qxi/bt,qxi/ct)n 



KbfCfJ 



TT Ig 3 Xj/Xj,XjXj) ri Njr, 
. , \QXi/Xj,q i XiXjJ ri 



n (w&j)^ n 



(qXiX^Ni+Nj 



e n 



(qxi/x 



j)N t 



m+'l 

><n 



II / r .(«) jr C+i)( a '!9) 



(c?/6^Q)| r (/-i)|_| rW |^— J || 



6fQ/ Al (qxi/be, qxi/ct) r (e-i) 



where r^ := TV and A m+1 *> := 0. 



For to = this is Lilly and Milne's C n analogue of Jackson's 60s summation (39, 
Theorem 2.11] and for m = 1 it is Milne's C n analogue of Watson's q- Whipple 
transformation [47l Theorem A. 3] (see also (5(3 Theorem 6.6]). 

Proof of Theorem \4-2\ Taking /3/v = <$/v.o — : Il"=i <^V;.o hi (14.21) yields the C„ unit 
Bailey pair 



ajv 



Ac(gO 
A c (s) ^v < 



n( Xi\ N i (Ni) {XiXj)Ni , a , 
q {2 >T — r^r- and Pn = S n ,o- 

• '" ' {qXz/Xj)N t 



Iterating this using the Bailey lemma and induction we obtain the new Bailey pair 



Ac(VQ A 

V ' 2—1 



m+1 



n 



{b£Xi,C£Xi)Ni 



L (qxi/bt,qXi/ci)Ni\b£C£ 



(—) 

\bfCfJ 



Nj 



n 



(xiXj) 



A, 



L Jj {qXi/xj)Ni v £Cj 



(-S 



A', 



,("0 



5 AT 



n 



l<i<j<n 



{qxiXj) Ni+N] 



e n 



^— ' J - J - (qxi/xj),. (i) - 1 -- 1 - 

r( 1 ),...,r('")GZ™ i,J=l V ' -"N z -r) £=\ 

><n 



11 Jrffl ,r(<+ 1 ) (*' 5J 



( = 1 



/ q >.|rW| " (6<a:i,c<ari) r w 

(g/^Q)| r («-Dh|rW| 7 l| 



' eCe fj- 1 {qxi/be. 1 qx l /ci) r {i-i) 



After substitution in (|4.ip the claim follows. 



D 
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5. The C n Andrews transformation and character formulas 
Isolating the variables b\ , c\ , we write the C n Andrews transformation (|4.3|) as 
(5.1) L N (x;bi,ci;b 2 ,...,Cm+i;q) = R N (x;bi,ci;b 2 , ■■ ■ ,c m+ i;q) 



where Ln stands for the left-hand side of (|4.3[) and Rn for the right-hand side. The 
aim of this section is to show that (|5.ip implies Theorem 11.11 of the introduction. 
After first showing that 

R m {x;b,c;q) := fl( M ») (x; 6, c; oo, . . . , oo ; q) 

Ira times 

can be expressed in terms of the modified Hall-Littlewood polynomials PL we will 
prove that if 

(5.2) L m (x;b,c;q) := L( oc ») (s; b, c; oo, . ■ . , oo ; q), 

Ira times 

then L m (x ; b, c; g) is a function which unifies certain characters of Cn , A^ and 

(2) 

D^/j in their in Weyl-Kac representation. In particular, the identity 

(5.3) L m (x ± ;b, c;q) = i? m (x ± ;6,c;g) 

includes (jl.4a|) and (|1.4b|) of the introduction as special limiting cases. 

5.1. The right-hand side of the C n Andrews transformation. Since the 
right-hand side of (|5.ip is a rational function we may let &2,C2, . . . , & m +i, c m +i 
tend to infinity for fixed AT E Z". To then take the large N limit we need to 
assume that \q/bici\ < 1. By an appeal to dominated convergence this yields 

R m (x; b, c; q) = {q/bc) 00 D{x; b, c; q) 

n m 

x J2 Il( 9l_r * / b ^q^ r ' /cx l ) r (i)Y[q lr ' l flf e)r(e+1) (x;q), 

rW,...,r("')6Z^ i=l ' fc=l 

where r^ m+1 ' := 0, |g/6c| < 1 and 

D(g;6 >C ;g):=f[ y )o ° JJ (?^)-»- 

l\^/ b ^ X ^ C ^l<i<)<n 

If we now take the conjectural (13. 13)) (proven for w — 0), replace (x,w,z) t-> 
((j 1 / 2 ^, -g 1 / 2 /*. -q 1/2 /c) and use that f^}(q 1 / 2 x; q) = q^f$(x; q), then the right- 
hand side of (|3.13p matches the above expression for R m (x;b,c;q), except for the 
prefactor D(x;b,c;q). Hence, for \q/bc\ < 1, 

(5.4) R m (x;b,c;q)=D(x;b,c;q) £ q lXl/2 h ( ™ ) (-q l / 2 /b,-q 1 / 2 /c;q)P x (x;q). 

x 

\ 1 <2m 

We stress that this conjectural result has actually been proven for b — > oo, which 
is sufficient for proving Theorem ll.il 
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5.2. The left-hand side of the C„ Andrews transformation. Because in our 
initial considerations the parameters 2>i, ci, . . . , b m +i, c m +i and q play a passive role 
we suppress their dependence, writing Ljqix) instead of L^(x; &i, C\\ 62, • ■ • , C&; q). 
To transform L^{x) into a function that resembles the Weyl-Kac character formula 
we must achieve the appropriate Weyl group symmetry. As will be shown below, 
this can be realised by doubling the rank to In and by then reducing this back to 
n by taking a limit in which n distinct pairs of variables tend to 1 as follows: 

lim L(N 1 ,Mi,...,N n ,M„)(xi,yx,---,x n ,y n ) =:L m ,n{%)- 

yi-fx 1 ,...,2/„->:r„ 

We remark that this limiting process is highly non-trivial due to the occurrence of 
the denominator term Ac (a;) in the summand of Ln(x). Indeed, Ac(s) vanishes 
whenever the product of two of its variables equals 1. For later purposes we will 
also consider the following limit in the case of an odd number of variables: 



lim 



J (N 1 ,M 1 ,...,N n ^ 1 ,M n - 1 ,N n )\Xl,yi, ■ 



! x n—l 5 Vn — li x n) 

—'■ Lm,n{x), 



where x — (xi, . . . , x„_i). 
Proposition 5.1. For x = (xi, . 

A c {xq r 



,x n ) andM,N €%l, 

' m+l 



(5.5a) L m ,n(x) = y^ 



A c (x) 



n 



i=l 



n 



(bexi,cexi 



(j_X> 



n 



L (qx l /bi,qx i /ci) ri \b e ci>J 
(q- N 'Xi/xj,q' Mi XiXj) 



u 3 jri 



{q M i+ 1 x i /x j ,q N i+ 1 x i x j ) ri 



(Mj+N^n 



and for x = (x\, . 
(5.5b) Lmm(x) 



X n -l), x = (xi,...,X n -i,l), M e Z+" 
m+l 



n-1 



and N G Z 



+ • 



y^ A B (-xq 



A B (-x) 
n—l 



n 



n 



(b e Xi,ceXi) ri 
(qxi/bi,qxi/ci) ri \bece 



(-T 



n 



{<! 



-M, 



XiXj) ri M 

q 



n 



(q 1 Xi/Xj) ri Njn 



A number of remarks are in order. First of all we note that both summands 
vanish unless —M C r C N, i.e., — Mi < ri < Ni for all i (where M n := N n in 
the case of (|5.5b[l ). Moreover, if we set Mi = •• • = M n = in (|5.5ap we recover 
Ljsr(x). Finally we note that the series on the right of (|5.5al) exhibits the desired 
symmetry, in that it is invariant under the natural action of the hyperoctahedral 
group. For example, for n = 2, 



L(Mi,M 2 ),(n u n 2 )(xi, X2) 

L(M 1 ,N 2 ),(N 1 ,M 2 )( X 1, X 2 ) 



L(M 2 ,M 1 ),{N 2 ,N 1 ){ x 2, x l) — 
L(N 2 ,M 1 ),(M 2 ,N 1 )( X 2 ) x l) = 



^(iVi,Af 3 ),(M 1 ,iV3)( ar l > X 2) — L(M 2 ,N 1 ),(N 2 ,M 1 )( x 2, x i ) — 
L(N u N 2 ),{M u M 2 )( x i , x 2 ) = L(N 2 ,N 1 ),(M 2 ,M 1 )( X 2 i x l )■ 

The proof of Proposition 15.11 is long and technical, and has been relegated to the 
appendix. 
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5.3. Proof of Theorem II. II and related results. To now obtain (|5.3|) in explicit 
form, we let 62,02, ... , 6 m +i,c m +i tend to infinity in (|5.5a[) followed by M,N — > 
(00"), and equate the resulting expression with (|5.4p with x 1— > x ± . By an analogous 
computation in the case of (|5.5bl) we obtain the following (conditional) theorem. 

For x = (xi, . . . , x n ) let f(x) :— f(xi,x^ , . . . , x n , x^ 1 ) as before, and by abuse 
of notation, for x = (x\, . . . , x n -i, 1) let f(x^) := (xi,Xi , . . . , x n -i,x~_i, 1) (and 
not f(x 1 ,Xi 1 ,...,x n -. 1 ,x~i v l,i)). 

Theorem 5.2. Let m be a nonnegative integer and \q/bc\ < 1. Then the following 
two identities are true for b — > 00 and true for general b if the conjectural (|3.13j> 
holds: 

1 >^ A c (xg r ) -fj (bxi,cxi) ri (q l ~ n \ T% , 2 r-A^n 



(5 .6a) — -i -V^VTT, , 

D(x±;b,c;q) r j^ n A c (x) ^[(qxjb^xjc), 



be 



\T J x \/ 2 h( m h 



_ q W/2 h{ m \- q ^/b,- q ^/c- q )P^x ± ;q ), 

A 
Ai<2m 

where x — (x\, . . . , X n ) and K = m + n, and 

D(x±;b,c;q) ^ n A B (-x) l = \(qXi/b,qXi/c) ri \ be J y lH ! 
= Y, q W/2 h^(- q ^/b,- q ^/c; q )P>(x± ;q ), 

A 
Ai<2m 

where x = (xi, ■ ■ ■ , aJn-ii 1) a71 ^ -K" = to + n — 1/2. 

Recalling that /i (w, z; q ) — (wz)^, we note that for m = both identities are 
limiting cases of Gustafson's C„ -analogue of Bailey's sum of a very-well poised 
6^6 series 20 . We also note that for b — > 00 the right-hand side of (|5.6al) and 
(|5.6b[) simplifies to 

(5.7) J2 ? |A|/2 (-9 1/2 /c)^ o) Pa(^;9)- 

A 

Ai<2m 

We now consider the various specialisations of Theorem 15.21 Noting that for 

x [Xi , . . . , x n ) , 



D(^b,C-,q) = (q^l[ ( J^Jr n («*f~ 



^ X J 



OO J 



and recalling Lemma 12.11 it follows that in the 6, c — > 00 limit the left-hand side 
of (I5.6a[) yields the C„ character (|2.5[) for A = toAq. But when c — > 00 the 
summand of (|5.T[) vanishes unless ?(A Q ) = 0, i.e., unless A is even. We thus obtain 
(|1.4a[) . Similarly, for b — > 00 and c — > — q 1 ^ 2 , and by appeal to Lemma [2.21 and 
(aq) ao /(—a q 1 / 2 ) 00 = (a q 1 / 2 ) QO (a q 2 ; q 2 ) ao , we arrive at (jl.4bl) . This completes our 
proof of Theorem 11.11 

If we take b — > 00 and c = —1 in (|5.6a|l . and use Lemma 12.31 as well as 
(a 2 ?)oo/(— a q )oc = (a<?)oo(a 2 <7; 9 2 )oo, we obtain our next theorem. 
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(2) 

Theorem 5.3. Let g = A^ and for m a nonnegative integer let A = mA n , 

q = e~ S and x 4 = e"" <*"-* . 

Then 

(5.8) e- A ch^(A)= J2 '? (|A|+ ' (A ° ))/2 PA( a;± ;'?)- 

A 
Ai<2m 

Our next result remains conjectural, corresponding to (|5.6aj) for b = — 1 and 
c = —q 1 ' 2 . Then the summand on the right simplifies, since 

2m -1 

_l/2. _l/2\ 

• (A) 



(5.9) h™tf'*,l;q)= H (-<?<W 2 ) 

1 2m- 1 

= 7 — 1/2 — im II ( _ 9 1/2 ;<7 1/2 )m l (A), 

(_ (? l/2 ;g l/2) oo XX 

by H m (q l / 2 ;q) = {-q 1/2 ]q 1/2 ) m [58]. If on the left we use Lemma El and the 
simple identity (a 2 q) OD /(—aq 1 / 2 , —aq)^ = (aq 1 / 2 ; q 1 ^ 2 )^, we obtain the following. 

(2) 

Conjecture 5.4. Let g = D„_j_ 1; and for m a nonnegative integer let A = 2?tiAo. 



q = e and Xi 



Then 
(5.10) 



2m- 1 



e- A chy(A)= £ a W( J] (-<(*, ra^V) 



A v i=0 

Ai<2m 

6. Dedekind eta-function identities 

In the appendix of his paper [41] Macdonald gave his now famous list of iden- 
tities for powers of the Dedekind eta-function t)(t) = 9 1 ^ 24 l~[fci(l — 1^)i where 
q — exp(27rir) for Im(r) > 0. The simplest of his identities correspond to the 
non-twisted affine Lie algebras g — X n ' and yield expansions of 7y(r) dlm ( x '*). For 
example, Macdonald's formula for C™ generalises Jacobi's well known identity for 
the third power of the 77-function to 



(«?-«?) 



(6.1) v(T) 2n - +n = c J2l^I[v* n 

z—l l<i<j<n 

where Cq = l/(l!3! • • • (2n — 1)!) and where the sum is over v G Z™ such that 
Vi = n — i + 1 (mod 2n + 2). 

In this final section we extend many of Macdonald's identities by specialising our 
character formulae. To facilitate comparison with Macdonald's results we adopt his 
definitions of xb and xd as given by (jl.5p and 

*>(«)= n (*?-$• 

l<j<j<n 

We also write X$( v / W ) — Xb( v )/Xb( w ) anc ^ define the classical g-Weyl vectors p B 
by 

0b = (n- 1/2,..., 3/2, 1/2), p c = (n,...,2,l), jOD = (n-l,...,l,0). 
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Since carrying out the required specialisations in the Weyl-Kac formula is standard, 

see e.g., [25]|4T], we only list the final ^-function identities below. For m = 

these correspond to Macdonald's results. Some of the identities below depend on 

. ? 

Conjecture 13.31 in which case we write = instead of —. In the identities below we 

also give alternative expressions for the right-hand side as implied by Theorem 13.71 

(m = 1) and Conjecture l3.6l (m > 2). This equality will be written as ===. Because 
in each case we have u = 1 we will write F m>n {w, z; q) for -F m , n (l, W, z; q). 

Type C,i . If we specialise x = [x\, . . . , x n ) to (1, . . . , 1) in ()1.4a[) we obtain a 
generalisation of (j6.ll) (or (4TJ p. 136, (6)]): 

1 \— s , , . IMI 2 -llpll 2 i llpll 2 

( 6 - 2 ) ^^^^ E^tVrir'^^^ 



J2 q W/2 P^(l,...,l;q) = F m , 2n (0,0;q), 



A even 
Ai<2m 



where p — pc, V £ Z" such that v = p (mod 2m + 2n + 2) and m > 0. The equality 
between the first and last expression was proved by Feigin and Stoyanovsky [15] 
(n = 1) and Stoyanovsky [55] (n > 1). The implied equality between the two 
expressions in the second line proves Conjecturc l3.6l for n even, u = 1 and w = z — 0. 



Type A 2l ( (or affine BC„). If we specialise x — (xi, . . . , x n ) to (1, ... , 1) in (|5.8|l 
we obtain a generalisation of [H] page 138, (6a)]: 

7/(2t) 2 ™ v^ . , . IMI 2 HIpII 2 i IIpII 2 , 

7?(T) 2n a+ 3» ExBWp)g a(a '" +a " +1) + a(a " +1) 

= ^ ,(|A|+KAo))/2 p;( i_^ ;(z) !^ Fm2n(0!g l/2 ;?)i 

. ^ 2n times 

Ai <2m 

where p = pb and i; G (Z/2) n such that v = p (mod 2m + 2n + 1). 

If we specialise x = (xi , . . . , x n ) to (1, . . . , 1) in (|1.4b[) we obtain a generalisation 
of 0U p. 138, (6b)]: 

1 ^-^ , , N IHI 2 -llpll 2 | llpll 2 

^2.^ fa/P) q 2(2m+2 " +1) + ^^TT 



r;(r/2) 2 ™7 ? (2r) 2 ™r7(T) 2 " 2 

= J2 i w/2 P^---,i;q) = F m , 2n (0A;q), 



A 
Ai<2m 



where p — pc and ueZ™ such that v = p (mod 2to + 2n + 1). 

If we let 6, c — > oo in (15.6b)) and then specialise x = (x\ 1 . . . , X n ~i, 1) to (1, ... , 1) 
we obtain a generalisation of [41] page 138, (6c)]: 

(6-3) -^^^(-ijH-IPl^^/pJgte^+s^ 

A even „ -. ,. 

. , in — 1 times 

Ai<2m 
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where p = pB and v is summed over (Z/2) n such that v = p (mod 2m + 2n + 1). 
By P^y(x;q) = x 2 l A lg 2n ( A ) /b\(q) it follows that for n = 1 the two expressions on 
the second line are identically the same and (after replacing m by k — 1) are given 
by the famous Rogers-Ramanuj an- Andrews-Gordon series [T1IT5] 

(? A'i 2 + -+A' fc 2 -i 



nu ..^_ 1 > (l)n 1 ---(q)n k ^ 



where N% = rn + ■ ■ ■ + nu-x- Of course, by the Jacobi triple product identity the 
left hand side for n = 1 can be written in the familiar product form 

( n k „fe+l „2fc+l, „2fe+l\ 



/ ^ 



(y)oo 

We may thus view (|6.3|) as an A^J analogue of these famous g-series identities. In 
[59) Conjecture 1.1 and Theorem 1.2] the equality between the left-most and right- 
most expressions in (j6.3[) was conjectured and proved for m = 1. The connection 
between the Rogers-Ramanuj an partition identities and the representation theory 
of Kac-Moody algebras is certainly not new, and we refer the interested reader 
to ITT1I251I34 38,43,441 and references therein. 



Type B„ ' . If we set b = —1, c = —q 1 ! 2 in (|5.6b|) — note that this choice of (6, c) is 
one of the conditional cases — and use (|5.9[) . and then specialise x = (x\, . . . , x n -i, 1) 
to (1, . . . , 1), we obtain a generalisation of [4TJ p. 135, (6c)]: 

1 



?7(t/2) 2 «?7(t) 2 " 2 - 3 « ^ 

2m-l 



X ^ y x L.I l„l , -, H "H ZJLP I P 

\ (_ 1 )k|-|pl XD ( u / p ) g2 (2 m + 2„-l) + 2(2^TT 

/ft— 1 \ 

II (-^O.J^Wig) 



A v i— .-, , . . 

. .„ in— 1 times 

Ai <2m 

where p = /?d, »e2" such that v = p (mod 2m + 2n — 1) and mo(A) := oo. The 
second equality assumes m > 1. 

Type A2 n _x (or B^). If we let b — )• oo, c — >• — 1 in (|5.6b|) and then specialise 
x = (xi, . . . , x„_i, 1) to (1, . . . , 1) we obtain a generalisation of [JTJ page 136 (6b)] 



77(2t) 2 " 1 v-^, . H-IpI , , , IHI 2 -llpll 2 I Up II 

' > -* \ / 1 \ tf.. , «\ ~ , / „ . / „ \ „ /I,...:.. I. 

„( r )2n a +n-l Z^ 



(6-4) ;\ ? ;^„_ 1 y(-i)^^xu(v/p)q^^y 



J2 ,(l^(Ao))/2 pj;( lf x ;q) ^ Fm2n _ l{0: q^- q ), 



. ^~ 2n— 1 times 

Ai <2m 

where p = pr>, v G Z™ such that v = p (mod 2m + 2n). A somewhat different 
generalisation of the same eta-function identity arises if we take b = —c = 1 in 
(|5.6al) — which again is one of the conditional cases — then use [58] 

2m- 1 

q i{\ )/2 Yl (q- q 2 ) [mz{x)/2] for m 2i -i(A) even 



4 ro) (-g 1/2 ,? 1/2 w) = 



otherwise, 



24 NICK BARTLETT AND S. OLE WARNAAR 

and /i{j (-<? 1/2 ,<? 1/2 ;q) = (-?)«> = (<7 2 ; <2 2 )oc/(<7)oo, and finally specialise 
(xi,. ..,£„) to (1, ... ,1)- Then 

, -_ 2n times 

Ai <2m 



is even 



(Ao)' 



where m Q (\) :— oo and the second equality assumes m > 1. 

Type D„_j_ x (or C^). If we specialise x = (xi, ■ ■ ■ ,x n ) to (1, . . . , 1) in (J5.10I) we 
obtain a generalisation of [4TJ page 137, (6a)]: 



1 v-v IHI 2 -|I 

( 6 - 5 ) 7? ( T )2n-H^( 2T )2n'-n-l 2^XB(^/P)g 2( ™+ 



2 _ II „ll 2 II „ll 2 



2m- 1 



= E « |A| n(-«Uw r^ 1 1 i9 a ) = (-?)» F ^(?. 1 iA 



A x i—O 

. ^~ 2n tunes 

Ai<2m 

where p = ps, v G (Z/2) n such that v = p (mod 2to + 2n) and second equality 
assumes m > 1. 

If we let b —> oo and c = q 1 ' 2 in (|5.6bp . then specialise a; = (xi, . . . , x n -i, 1) = 
(1, . . . , 1), and finally replace q i— >• g 2 we obtain a generalisation of 2D page 137, 
(6b)]: 

„( r )2n-l IMI 2 -|IpII 2 | IIpII 2 

^U-i Exp^/^ 2(m+ "' 2 " 

. ^„ 2n— 1 times 

Ai<2m 

with w summed as above. 

Finally, considering the same specialisation of (|5.6b[) but with c = —q 1 ' 2 we 
obtain an identity whose m = case is missing from Macdonald's list: 



E, ... M-IpI 1 

(_l)2( m + „, XD ( v//g ) g 



2(m + n) r 2i, 



„(- r )2n-l„^4 T -)2n-l„^2T) 2rl2_5 "+ 2 

= Y, 9 |A ' P a( !,•■•,! ;<Z 2 )^^F m , 2 „_ 1 (0,l; (Z 2 ), 



, ,„ 2n— 1 times 

Ai <2m 



again with v as in f|6.5[) . This last result should be viewed as a generalisation of 
Andrews' generalised Gollnitz-Gordon g-series [2J. 

Appendix A. Proof of Proposition 15.11 



Before proving the proposition we prepare a key lemma. For p an integer such 
that < p < n, let M = (Mi, . . . , M p ) € IP + , N = (N x , . . . , N n ) G Z™ and r G Z", 
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and define 

"m+1 



(A.la) !#*,(*) :=^II 



-r-r (be.Xi,C(.Xi) ri ( q y* 
M (qxi/bt,qxi/ct) ri \btci) 



8=1 L £=1 

T-r n, A '-■'■■■ " - U 
X 



n (g J Xi/Xj,q ix l Xj) Ti (Mj+Nj)n 
^ 1 {q M ^ 1 x i /x ,q N ^x l x ] ) ri q 



and 

(A.ib) £$*(*):= E ••• E L m,n-M 

r 1 = -M 1 r n =—M„ 

where M p+ i = ■ ■ ■ = M n := 0. Recalling that Ljy(x) denotes the left-hand side of 
(I4.3[) . we note that 

(A.2) L N (x) = L { _%(x). 

We further observe that L^ N (x) coincides with the expression for Lm,n(%) as 
claimed in (|5.5al) . 

Given x — (xi, . . . , x n ) we set x^' = (xi, . . . , Xj_i, Xj+i, . . . , x n ). 

Lemma A.l. Let M = (Mi,. . . ,M p _i) and M' = (Mi, . . . ,M p -i,N p+2 ). For 
l<p<n-l 

lim _ i L MN (x) - ^ M , iA ,( P+ 2) [X )■ 

Proof. Let us first focus on the numerator and denominator terms of L]^ w (x) 
that vanish when x p+ \ — > l/x p . By JX™ = i n^=p( a:; i a; i)' , i the numerator contains the 
factor (x p x p -\-i) r (x p x p +\) r +1 , which in turn results in a factor (1 — x p x p +i) 2 if r p 
and r p+ i are both positive, 1 — x p x p+ \ if only one of these is positive and 1 if both 
are zero. From Ac(x<z r )/Ac(x) we pick up the contribution 

1 - x p x p+ iq r " +r p+ 1 

1 X p X p -\-\ 

which is 1 if both r p and r p +i are zero, but leads to a factor (1 — x p x p +\) in the 
denominator if (at least) one of r p , r p+ i is positive. As a result, Lj^ ~ff. r {x) vanishes 
in the limit x p+ i — »■ l/x p unless one of r p ,r p+ i is zero. 

It is now a somewhat tedious, but elementary exercise to show that 

lim (l {p ~ 1} (x)\ \ - L {p) (x {p+1) ) 

where r^> :— (n, . . . , r,-_i, fj+i, ■ ■ ■ , r„). Again elementary, although now requiring 

(&)_„ (q/a) n \aJ 
is to show that 

lim (L M)Ar . r c-i)(ar)| ) = 1$ N(P+ i } . f(P) (x (p+1) ), 



Kp+i 



26 NICK BARTLETT AND S. OLE WARNAAR 

where f w :— (n, . . . , n-i, -r i+ i,r i+2 , ..., r„). Consequently, 

lim _ x /&#(*) = £ E + E toa.^fc&W 

z p+ i^:r p -Mi<ri<Ni \ r p =Q r p+ i=l / Ii, + 1 ^ If 

i=l,...,n r p+ i=0 r p =0 

/ ^p 

Z^ 1 Z^ A/',AT(p+i);r(p+i)l X J 

-Mi<ri<Ari \ r p =0 
z— l,...,n 

^Vp+i \ 

+ V L {p) (x {p+1) ) 



where M p+2 = ■ ■ ■ = M n := 0. Renaming the summation index r p+1 as — r p , this 
yields 

lim L (p ~ 1) (x)= V L (p) (x {p+1) ) - L (p) ^ (p+1) l 

^-H - **" -M{<r 4 <JV, 

i— l,...,n 
i#p+l 

where M£ +1 = • ■ • = il^ := 0. D 

Equipped with Lemma lA. 11 the proof of Proposition 15 . 1 1 is straightforward. 
Proof. According to Lemma [A. II 

nnl _ 1 * J M,N v 2 " 1 ' ' ' ' ' %» 2/P' *%>+!' ■ • ' ' ^"i = M' AT(p+!) v 3 ")" 

y p rXp 

Iterating this equation and recalling (|A.2[) gives 

_ 1 nm _ I J (Ni,Mi,...,N p ,M p ,N p+ i,...,N n ) (#1)2/1) • ■ • , x p,yp, x p+li ■■■,%n) 

yi-tx-L ,...,y p -tx p 

= ^M,N\ X )- 

Recalling the remark made immediately after (IA.2[) this yields (|5.5aP when p = n. 
If p = n — 1, however, we obtain 

j lim i I'(JVi,Mi,...,iV n _i,M n _ 1 ,JV n )(«l)J/l>--->«n-l)J/T»-l)»n) 

3/i-^Xj ,...,a„_i^a; n _j 



^ A c (x) - 11 

-MCrCN ^ v y i=l 



X 



m+1 ^ 

T-r {b e xi,ceXi) ri ( q \ ri 
fJl (gXi/bt f qXi/ct) rt \b£Ct 

'q~ Nj Xi/xj,q~ Mj XiXj) ri 
\(q M i+ 1 x i /x j ,q^+ 1 X i X j ) ri 



n (q 'Xi/Xj.q J X l Xj) ri (Mj+Nj)n 
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where M n := 0. Letting x n tend to 1, treating the r n — and r n > cases of the 
summand separately, results in 



A B (-xq r ) 



'(*) = L "r- Ab( _ 3;) 11 



-MCrCN ~" y ~' i=l 



m+1 

I J- fax, /&/, ox,: /c/V, V 6/ c* / 



=i 



{b£Xi,C£Xi)r_ 

•( 

±1 {q M j+ l x . /x . )ri - 11 ( q N J+ l XiXj)r 



n-1 



(q 3 XiXj) ri Mjn TT (g 3 Xi/Xj) ri Njn 



n \q J XjXj)r t Mjn TT 
r„M,-+l™, /„ ,\_ « ii 



<z* 



where .x = (#1, . . . , x n —i, 1) (so that x n := 1), M n := 0, uo = 1 and u, = 2 for 
1 < i < iV„. Using (|A.3p and the fact that for x n = 1 



-xg r ) 



A B (-^) 



-(2»-l)r„ A B (-Xg r ) 

9 Ab(-x) : 



this can be rewritten in exactly the same functional form as the above but now 
with M n := N n and u t = 1 for all -M n < i < N n . D 
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